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Thermal conductivity of water: Molecular dynamics and generalized hydrodynamics results
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Equilibrium molecular dynamics simulations have been carried out in the microcanonical ensemble at 300
and 255 K on the extended simple point charge~SPC/E! model of water@Berendsenet al., J. Phys. Chem.91,
6269 ~1987!#. In addition to a number of static and dynamic properties, thermal conductivityl has been
calculated via Green-Kubo integration of the heat current time correlation functions~CF’s! in the atomic and
molecular formalism, at wave numberk50. The calculated values~0.6760.04 W/mK at 300 K and 0.52
60.03 W/mK at 255 K! are in good agreement with the experimental data~0.61 W/mK at 300 K and 0.49
W/mK at 255 K!. A negative long-time tail of the heat current CF, more apparent at 255 K, is responsible for
the anomalous decrease ofl with temperature. An analysis of the dynamical modes contributing tol has
shown that its value is due to two low-frequency exponential-like modes, a faster collisional mode, with
positive contribution, and a slower one, which determines the negative long-time tail. A comparison of the
molecular and atomic spectra of the heat current CF has suggested that higher-frequency modes should not
contribute tol in this temperature range. Generalized thermal diffusivityDT(k) decreases as a function ofk,
after an initial minor increase atk5kmin . Thek dependence of the generalized thermodynamic properties has
been calculated in the atomic and molecular formalisms. The observed differences have been traced back to
intramolecularor intermolecularrotational effects and related to the partial structure functions. Finally, from
the results we calculated it appears that the SPC/E model gives results in better agreement with experimental
data than the transferable intermolecular potential with four points TIP4P water model@Jorgensenet al., J.
Chem. Phys.79, 926 ~1983!#, with a larger improvement for, e.g., diffusion, viscosities, and dielectric prop-
erties and a smaller one for thermal conductivity. The SPC/E model shares, to a smaller extent, the insufficient
slowing down of dynamics at low temperature already found for the TIP4P water model.
@S1063-651X~97!06009-1#

PACS number~s!: 61.20.Ja, 61.25.Em, 66.60.1a, 67.55.Fa
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I. INTRODUCTION

In two recent papers@1,2# some collective dynamica
properties of liquid water, modeled by the transferable int
molecular potential with four points TIP4P@3# potential,
have been computed by molecular dynamics~MD! simula-
tion and analyzed in the framework of generalized hydro
namics. In particular, generalized viscosity and rigid
moduli have been studied in@2#, where the contribution to
these properties of the different dynamical modes of wa
~O–O–O bending, 8–10 THz, stretching, or cage, 45–
THz, and librational modes 90–170 THz! has also been ob
tained. This has allowed illustration of the prominent ro
of the cage mode in determining viscosity and rigid
moduli, while the librational mode contribution to rigidit
moduli is minor and that to viscosity negligible.

In this paper we extend this approach to the study
generalized thermal conductivityl, also to analyze the con
tribution of the different dynamical modes to this proper
This is done by calculating the time correlation function~CF!
of the energy flux as well as the density-density, ener
density, and energy-energy CF’s at a number ofk values.
The latter three functions are the key ingredients to the g
eralized hydrodynamics theory. Further, the results obtai
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with the extended simple point charge SPC/E@4# model will
be compared to that relevant to the TIP4P model. The la
performs well for a number of equilibrium and dynam
properties at ambient temperature, but its behavior in
supercooled region as far as the above mentioned collec
dynamical properties is concerned is still to be determine

When generalized hydrodynamics is applied to molecu
liquids, a ‘‘molecular’’ or an ‘‘atomic’’ formalism can be
adopted. In the molecular formalism a single phase facto
employed for each molecule, with the coordinate of the c
ter of mass, whereas in the atomic one each atom yield
own contribution to the computed property, modulated by
own phase factor. In thek→0 limit, both formalisms lead to
the same results, however, thek dependence of the result
can be significantly different. Both these approaches will
employed here to calculate various generalized thermo
namic properties, namely, constant pressure and volume
capacity,cP(k) and cV(k), thermal expansivitya(k), and
enthalpy per molecule,h(k). Moreover, intramolecular~self!
contributions to these properties will be computed to g
further insight, e.g., into the relative effects of rotational a
translational motions.

This paper is organized as follows. A brief outline of th
theoretical approach used to analyze the simulation resul
given in Sec. II. The MD results ofl are presented in Sec
III A and compared with the experimental data; in Sec. III
the dynamical modes contributing tol are discussed and
Sec. III C extends this analysis to finitek. Generalized ther-
4135 © 1997 The American Physical Society
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4136 56DAVIDE BERTOLINI AND ALESSANDRO TANI
modynamics parameters are reported and discussed in
III D and the very-high-k dynamics in Sec. III E. The main
results and conclusions are summarized in Sec. IV.

II. THEORETICAL BACKGROUND

The approach adopted in this paper has been describe
detail elsewhere@1,2,5# so we only recall here the results an
relations required for the discussion in the following. T
theory is based on a set of time correlation functio
Fi j (k,t), where the indicesi , j (51 – 5) label density, longi-
tudinal velocity, energy, stress tensor, and longitudinal h
flux, respectively. A set of orthonormal linear combinatio
of the CF’sFi j (k,t), Gi j (k,t) is also introduced which fa
cilitates theoretical analysis and interpretation of results.

Thermal conductivity atk50 can be obtained from th
Green-Kubo relation

l~at.,m!5
rM

kBT2 E
0

`

F55
~at.,m!~0,t !dt ~2.1!

for both atomic ~at.! and molecular (m) expressions of
F55(0,t). This relation, however, cannot simply be extend
to k.0 to calculate a generalized thermal conductivity, b
cause of the conservation law that linksF55(k,t) to F33(k,t)
@2,5#,

F55~k,t !52
1

k2

]2F33~k,t !

]t2 , ~2.2!

which would lead to a zero value ofl(k), via an integral like
Eq. ~2.1!.

Rather, one can obtainl(k) from the generalized therma
diffusivity DT(k) throughG33(k,t),

G33~k,t !

5

F S V13~k!

V11~k! D
2

F11~k,t !22
V13~k!

V11~k!
F13~k,t !1F33~k,t !G

S V33~k!2
V13~k!2

V11~k! D ,

~2.3!

whereVi j (k)[Fi j (k,0), defining

DT~k!5 lim
z→0

D̃T~k,z!5 lim
z→0

Ñq~k,z!

k2 > lim
z→0

1

k2G̃33~k,z!
,

~2.4!

as, from generalized hydrodynamics,

1

G̃33~k,z!
>z1Ñq~k,z!5z1 f Tq

2 ~k!ñq~k,z!. ~2.5!

In Eq. ~2.5! ñq(k,z) is the spectrum of the memory kernel
G33(k,t) and f Tq(k) is the corresponding characteristic fr
quency@1#.

Alternatively, one can useG55(k,t), defined as
ec.

in

s

at

d
-

G55~k,t !

5

F S V25~k!

V22~k! D
2

F22~k,t !22
V25~k!

V22~k!
F25~k,t !1F55~k,t !G

S V55~k!2
V25~k!2

V22~k! D ,

~2.6!

which is related toÑq(k,z) by

G̃55~k,z!>
Ñq~k,z!

f Tq
2 ~k!

z

z1Ñq~k,z!
, ~2.7!

so that

D̃T~k,z!>
f Tq

2 ~k!

k2

zG̃55~k,z!

z2 f Tq
2 ~k!G̃55~k,z!

. ~2.8!

It should be noted that this route tol(k) is not independent
from the other and that Eqs.~2.4! and ~2.5! and Eqs.~2.7!
and ~2.8! hold only wheng5cP /cV51 and the coupling
between stress tensor and heat flux can be neglected. T
conditions are well satisfied in water at least up tok
51 Å21. More general expressions can be found in Ref.@1#.
Hence a generalized thermal conductivity can be obtai
from

l̃~k,z![rcV~k!D̃T~k,z!. ~2.9!

At k50 constant volume heat capacity can be obtained
a ‘‘microcanonical’’ MD, from the fluctuations of kinetic
energy@6#:

cV5
3R

123~N/T2!^DT2&
. ~2.10!

Moreover, as in@1#, generalized enthalpyh(k), constant
volume and pressure heat capacity,cV(k) and cP(k), their
ratio g(k), and the thermal expansivitya(k) can be obtained
from the initial valuesVi j (k) of theFi j (k,t) according to the
following relations@5,7#, derived for a simple atomic fluid:

a~k!5
h~k!V11~k!2V13~k!

kBT2 , ~2.11!

cV~k!5
V33~k!2V13~k!2/V11~k!

kBT2 , ~2.12!

g~k!511
@h~k!V11~k!2V13~k!#2

V11~k!@V33~k!2V13~k!2/V11~k!#
, ~2.13!

where

h~k!5
V25~k!

V22~k!
5

V34~k!

V22~k!
. ~2.14!

To understand thek dependence of these properties, it
necessary to calculate the self (S) contribution to the coeffi-
cientsVi j (k) that appear in Eqs.~2.11!–~2.14!.

For the density-density correlation one has
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V11
~S,m!51,

V11
~S,at!~k!52

mH
2

M2 @11 j 0~krHH!#1
mO

2

M2 14
mHmO

M2 j 0~krOH!.

~2.15!

For the density energy

V13
~S,m!52^EH&1^EO&,

V13
~S,at!~k!52

mH

M
^EH&@11 j 0~krHH!#1

mO

M
^EO&

12S mO

M
^EH&1

mH

M
^EO& D j 0~krOH!,

~2.16!

and for the energy energy

V33
~S,m!5A1AHH1AOH,

V33
~S,at!~k!5A1AHHj 0~krHH!1AOHj 0~krOH!, ~2.17!

where

A52@^EH
2 &2^EH&2#1^EO

2 &2^EO&2,

AHH52@^EH1
EH2

&2^EH1
&^EH2

&#,

AOH54@^EHEO&2^EH&^EO&#. ~2.18!

For the longitudinal current we obtain

V22
~S,m!5

kBT

M
,

V22
~S,at!~k!5

kBT

M
@B1BHHj 0~krHH!1CHHj 2~krHH!

1BOHj 0~krOH!1COHj 2~krOH!#. ~2.19!

The coefficientsB, BHH , CHH , BOH, and COH can be ob-
tained as described in Refs.@8, 9#. Analogously, one has fo
the amplitude of the coupling between energy and longitu
nal stress, or longitudinal current-heat flux, which a
equivalent asF34(k,t)5F25(k,t),

V25
~S,m!5 K S k

k
•vD 2

EL 2 K S k

k
•vD 2L ^E&,

V25
~S,at!~k!5DH1DO1DHH~k!1DOH~k!, ~2.20!

where
i-

DH52
mH

M F K S k

k
•vHD 2

EHL 2 K S k

k
•vHD 2L ^EH&G ,

DO5
mO

M F K S k

k
•vOD 2

EOL 2 K S k

k
•vOD 2L ^EO&G ,

~2.21!

DHH~k!5
mH

M K FEH1S k

k
•vH2D 2

1EH2S k

k
•vHD 2G

3cos@k•~rH1
2rH2

!#L ,

DOH~k!52K FmH

M
EOS k

k
•vHD 2

1
mO

M
EH S k

k
•vOD 2G

3cos@k•~rO2rH!#L .

In Eqs.~2.15!–~2.21! j 0 and j 2 are the spherical Bessel func
tions of order 0 and 2,Ej is total energy of atomj , andE
5S jEj total energy of the molecule. A result analogous
Eq. ~2.19! can be derived from Eq.~2.21! and we omit de-
tails here.

Notice that forces, which give by far the largest contrib
tion to F34(k,t) at k50, are absent in Eq.~2.21!, while they
are the dominant term of the collective or cross~C! part. The
latter, in the molecular formalism, is defined by

V34
~C,m!~k!5K (

aÞb
S k

k
•vaD 2

Ebcos@k•~ra2rb!#

1
1

kM S k

k
•FaDEbsin@k•~ra2rb!#L ,

~2.22!

whereEb (,0) is total energy of moleculeb and Fa the
total force acting on moleculea. The corresponding atomic
expression contains terms which are analogous to that of
~2.22!, but also, as a new feature, terms related to differ
atoms of different molecules, which are dominated by ro
tional motions. This difference is at the basis of the differe
k dependence of generalized enthalpyh(k)5V34/V22 ob-
served with the two formalisms, see Sec. III D.

The contribution of the various dynamical modes of wa
to the coefficients of Eqs.~2.11!–~2.13! is determined by an
analysis of the time dependence of the time correlation fu
tions Fi j (k,t), which, as in Ref.@1#, are fitted with combi-
nations of complex exponentials. This can be done up tk
'10 Å21, when the time dependence becomes Gauss
like. In this limit (k→`), we adopted the approach used
Alley and Alder @10#, by averaging over a Maxwellian dis
tribution of velocities. We obtain for the density-density a
density-energy CF’s
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F11
~m!~k→`,t !5exp~2at2!,

F11
~at!~k→`,t !52

mH
2

M2 exp~2aARHt2!

1
mO

2

M2 exp~2aAROt2!, ~2.23!

F13
~m!~k→`,t !5V13

~S,m!~12g13
~m!t2!exp~2at2!,

F13
~at!~k→`,t !

V13
~S,at.!~`!

5a13~12g13H
~at!t2!exp~2aARHt2!1~12a13!

3~12g13O
~at!t2!exp~2aAROt2!, ~2.24!

where

g13
~m!5

kBT

V13
~S,m! a,

g13H
~at!5

kBT

^EH&

mH

M
ARHa, ~2.25!

a1352
mH^EH&

MV13
~S,at.!~`!

.

a5(kBT/M )k2/2 and ARH59.564, ARO51.0545 are con-
stants depending on the geometrical parameters of the m
els and on the moments of inertia of the molecule. Fina
we have for the energy-energy CF

F33
~m!~k→`,t !5V33

~S,m!~12g33
~m!t21d33

~m!t4!exp~2at2!,

F33
~at!~`,t !

V33~`!~S,at.! 5a33~12g33H
~at!t21d33H

~at!t4!exp~2aARHt2!

1~12a33!~12g33O
~at!t21d33O

~at!t4!

3exp~2aAROt2!, ~2.26!

where

g33
~m!5

3

2

^E&kBT

V33
~S,m! a,

d33
~m!5

9

4

~kBT!2

V33
~S,m! a2, ~2.27!

and

g33H
~at!5

^EH&~kBT!

V33~`!~S,at! ARH
2 a,

d33H
~at!5

~kBT!2

V33
~S,at.! ARH

4 a2,

a3352
@^EH

2 &2^EH&2#

V33
~S,at.!~`!

. ~2.28!
d-
,

In the k→` limit, the other functions,F22(k,t), F44(k,t),
F25(k,t), andF55(k,t), can be obtained from Eqs.~2.23! and
~2.24!–~2.26! through conservation laws@5#.

III. RESULTS AND DISCUSSION

The results presented below have been obtained by
lecular dynamics simulation of a sample of 343 water m
ecules in the microcanonical ensemble. The poten
adopted is the modified SPC function, usually referred to
SPC/E. This potential assumes a tetrahedral geometry
water, with an OH bond length of 1 Å. A short-rang
Lennard-Jones term withs53.1656 Å and«50.65 kJ/mol
acts on the oxygen, while a chargeq50.4238e is on each
hydrogen, compensated by a charge22q on the oxygen.
The long-range Coulombic part has been treated with
Ewald sum scheme and with a cutoff distance for the sh
range interactions at half the box side. The equations of m
tion have been integrated with the constraint method@11#
with a time step of 2 fs at 300 K and 2.5 fs at 255 K. T
total time spanned after equilibration has been 700 ps at
K and 800 ps at 255 K.

The values of some equilibrium and dynamical propert
calculated for the SPC/E model of water are collected
Table I and compared to the corresponding results for
TIP4P model from previous work@1,2# and to experimenta
data. The viscosity of the SPC/E water model has been
tained with the same procedure adopted in@2# for the TIP4P
model. As can be seen, the overall agreement between
culated and experimental data is better for the SPC/E t
for the TIP4P water model, especially at the lower tempe
ture. In this range, we already found that the dynamics of
TIP4P water model is faster than that of real water. T
SPC/E model performs well also from the point of view
static dielectric constant and its temperature depende
which we evaluated«057869 at 255 K and«057468 at
300 K with runs of 800 and 700 ps, respectively. The
ported uncertainty is derived from the spread of the diago
components of the Kirkwood tensor around the average.

As in @1# the time correlation functionsFi j (k,t) have
been computed at 255 and 300 K in the atomic and mole
lar formalism for a number ofk values, ranging fromkmin
50.288 Å21 to a rather high value of'45 Å21. We directly
computed allFi j (k, t) at finite k exceptF55(k,t) that was
obtained exploiting conservation laws, Eq.~2.2!. This proce-
dure allowed us to check internal consistency of the calcu
tion by a test of relations such as, e.g.,F14(k,t)5F22(k,t)
52(1/k2)@]2F11(k,t)/]t2#. F44(k,t) and F55(k,t), how-
ever, have been computed directly, atk50, where they can
be used to obtain viscosity and thermal conductivity v
Green-Kubo relations@see Eq.~2.1!#. F55(0, t) is the time
correlation function of the heat flux vector, which has be
calculated according to the definition given by Marechal a
Ryckaert@20#.

A. Thermal conductivity

F55(0, t) has been calculated for all three components
the heat flux vector and its average is shown in Fig. 1
both temperatures and formalisms. This allowed us to e
mate the error and monitor convergence, which, on the in
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TABLE I. Calculated equilibrium~a! and dynamic~b! properties of SPC/E and TIP4P water mode
Experimental data in parentheses.

~a!

T
~K!

2U
~kJ/mol!

P
~kbar!

r
(g/cm3)

a
(1024 K21)

CV

~J/mol K! e0

255 44.2~44.4!a 20.04 1.00~0.995!b 2(25.8)b 90.5~76!c 78~95.6!d

300 41.2~41.5!a 20.12 0.985~0.996!e 5.5~2.8!e 82~74!c 74~78.3!f

~b!

T
~K!

D
(1025 cm/s2)

tS

~ps!
tD

~ps!
h

(1022 g/cm s)
hL

(1022 g/cm s)
l

~W/mK!

245 TIP4P 0.6~0.25!c 14.5 39 2.1~8.0!c 7.6~25!g 0.35~0.45!
255 SPC/E 0.73~0.5!c 13.2 36.3~38!d 1.85~3.9!c 6.8~9.8!g 0.52~0.49!
298 TIP4P 3.7 7 0.47 1.7~3.0!g

300 SPC/E 2.7~2.4!c 4.4 6.7~8.0!f 0.5~0.9!c 2.1~3.0!g 0.67~0.61!h

aReference@12#.
bReference@13#.
cReference@15#.
dReference@16#.

eReference@14#.
fReference@17#.
gReference@18#.
hReference@19#.
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grated functions of Fig. 2 required averaging over 625 ps
255 K and 460 ps at 300 K to maintain the error with
;10%. The thermal conductivity values we obtain~l
50.6760.04 W/mK at 300 K andl50.5260.03 W/mK at
255 K! are in good agreement with the experimental d
~l50.61 W/mK @19# at 300 K andl50.49 W/mK at 255
K!. The latter value has been obtained extrapolating d
measured on the saturation curve between 543 and 273 K
the case of the TIP4P water model, the value ofl we calcu-
lated as described in@1# at 245 K ~0.35 W/mK! was less
good but still fair compared to the experimental da
(0.45 W/mK), which suggests thatl may be less model de
pendent than other transport parameters, e.g., viscosit

FIG. 1. Heat flux fluctuation correlation function,F55(t) at 255
K ~full curves! and 300 K~dotted curves!. The two more strongly
oscillating curves are calculated in the molecular (m) formalism.
at

a

ta
In

or

diffusion. However, previous MD results@21# of l calculated
for the Carravetta-Clementi@22# model of water are much
larger~;60%! than the experimental data at 298 K, althou
the temperature dependence ofl is qualitatively correct.

The short-time part ofF55(0,t) ~Fig. 1! is dominated by
the librational dynamics, whose oscillations, with amplitu
twice as large in the molecular formalism as that of t
atomic functions, have essentially vanished beyond;0.3 ps.
The longer-time part, however, is very important from t
point of view of the integral ofF55(0,t) and hence of therma
conductivity, as can be seen in Fig. 2. In particular, the lo
time tail, apparent in Fig. 2~a!, decreases by;40% the value
of l corresponding to the first 0.3 ps.

This long-time tail is not visible at 300 K. This differen
role of the long-time tail at the two temperatures can
exploited to rationalize, at least qualitwatively, the ‘‘anom
lous’’ behavior ofl in water. In most liquids, alcohols fo
instance, thermal conductivity increases when tempera
decreases, while the opposite is observed for water, m
remarkably in the supercooled region. The results of Fig
suggest that this is due to the long-time tail ofF55(0,t). In
fact, if the long-time tail is subtracted fromF55(0,t), l is
larger at 255 than at 300 K, Fig. 2~b!. The long-time tail of
F55(0,t) seems to be a peculiar feature of water, presuma
related to its positional and orientational correlations a
their temperature dependence.

B. Dynamical modes of water and their contribution to l

An analysis of the contribution tol of the various dy-
namical modes of water, corresponding to different char
teristic time scales, can be carried out through the spectr
F55(0,t), shown in Figs. 3 and 4. As in@1#, they have been
obtained by a numerical transform of the difference betwe
the computedF55(0,t) and a proper fitting function, which is
then added to the analytical transform of the fitting functio
The most apparent feature of the spectra at both tempera
is the large high-frequency band that corresponds to lib
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4140 56DAVIDE BERTOLINI AND ALESSANDRO TANI
tional motions. This band is barely visible in the spectra
F44(0,t) @2#, indicating that the contribution of libration to
viscosity is negligible. Moreover, the librational band
much larger in the molecular spectrum than in the atom
one. On the other hand,l, i.e., the zero-frequency value o
the spectrum, must be independent of the formalism adop
and actually the whole low-frequency (v,10 THz) part of
the spectra is very similar for the molecular and atomic fu
tions. This means that a librational contribution to therm
conductivity, presumably different for the molecular

FIG. 2. Running integral ofF55(t), i.e.,l(t) @Eq. ~2.1!#, at 255
K ~a! and 300 K~b!. Dotted and full curves show (m) and (at)
results, respectively. The insets show the short-time behavior o
integral at both temperatures. The heavy dashed curve in~a! is the
fit to the long-time tail of the integral. The function labeled 255
in ~b! is the integral of~a! minus the long-time tail.
f

c

d,

-
l

atomic functions, should be compensated by an equal
opposite difference of the low-frequency part of the two d
scriptions.

This hypothesis has been tested fitting the high-freque
part of the spectra with a combination of functions, labe
L, such as@23,24#

f L~ t !5exp~2gLt !S cos~vLt !1
gL

vL
sin~vLt ! D . ~3.1!

Functions like this, withḟ L(0)50 and a transform

he

FIG. 3. ~a! MD spectra of (m) ~dot-dashed! and (at) ~dotted!
F55(t), in units of thermal conductivity, Eq.~2.1!. The regionv
.80 has been fitted with two types of functions, functions (L) @Eq.
~3.2!# and (D) @Eq. ~3.3!# ~full curves!. The former are the two
upper full curves of the inset showing the low-frequency regio
while the latter two vanish atv50. ~b! Comparison of MD and
fitting results with (D) functions extended to the low-frequenc
part of the spectrum~upper curves!. The contribution of the cage
mode and of the two exponentials to the fitting is also shown
both (m), dot-dashed, and atomic (at), dotted, results.T5255 K.
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f̃ L~z!5
z12gL

@~z1gL!21vL
2#

, ~3.2!

give 2gL /(gL
21vL

2) as a contribution tol@z50#.
A fit of this kind with five functions, three for the libra

tional band and two for the highest-frequency band betw
200 and 350 THz, has been carried out starting from 80 T
and the results are also shown in Fig. 3~a!.

As can be seen, the fit performs well for both molecu
and atomic spectra in the range 80–500 THz, but the
trapolation tov,80 THz, Fig. 3~a!, leads to differentv
50 values, which can hardly be compensated by an eq
and opposite difference of the low-frequency parts, w
physically meaningful functions.

An alternative point of view is that of assuming that
brational dynamics does not contribute to thermal conduc
ity. The simplest function which satisfies the constraint
vanishing zero-time derivative and vanishing time integr
required to satisfy conservation laws, has a transform gi
by

f̃ D~z!5
z21a1z

z31a1z21b1z1b0
, ~3.3!

with a1 , b1 , and b0 real and positive. In the time domai
this becomes

f D~ t !5
A12

B12
exp~2g2Dt !S cos~vDt !1

2g2DC12

vDA12
sin~vDt ! D

2
2g1Dg2D

C12
exp~2g1Dt !, ~3.4!

where

A125~g1D
2 1g2D

2 1vD
2 !,

B125~g1D2g2D!21vD
2 , ~3.5!

C125~g2D
2 2g1D

2 1vD
2 !,

so that

a15g1D12g2D ,

b152g1Dg2D1g2D
2 1vD

2 , ~3.6!

b05g1D~g2D
2 1vD

2 !.

A fit with a combination of five functions of type~3.3!, re-
ferred to asD, is also shown in Fig. 3. Asg1D has been
constrained to be equal tog2D the number of parameters fo
the D fit is 2 as for theL fit. As can be seen, the quality o
the D fit for v.80 Thz is the same as that of theL fit, but
the low-frequency part which we obtain subtracting theD
function from the MD spectra is physically more meaningf

The low-frequency part, in fact, can be well described
a combination of two exponentials and a ‘‘cage mode.’’ T
faster exponential, which gives the ‘‘normal’’ contribution
l, has a time rate of the same order as the inverse of
collision time (;0.03 ps for SPC/E, calculated as in@1#!,
while the slower exponential~the ‘‘anomalous’’ negative
n
z

r
x-

al

-
f
l,
n

.
y

he

contribution! is only significant at 255 K. If the remaining
cage mode is also described by a function such as Eq.~3.3!,
it turns out that the two exponentials yield the same con
bution to thermal conductivity, irrespective of the formalis
adopted, both at 255 and 300 K.

This is not obtained if the cage mode is described with
L function, hence we consider that the assumption of
contribution to thermal conductivity from high-frequenc
dynamics leads to a more satisfactory physical picture.

C. Generalized thermal conductivity and diffusivity

As already mentioned,F55(k,t) at finite k can be derived
from F33(k,t) via conservation laws, Eq.~2.2!. This, how-
ever, implies that the spectrum ofF55(k,t) vanishes atv50,
exactly as in the case ofF44(k,t) @2#, the stress-tensor com
ponent correlation function, in view of its link with the lon
gitudinal current CF,F22(k,t). As a consequence, the spe
trum of F55(k,t) with its discontinuity betweenk50 and all

FIG. 4. Same as Fig. 3 at 300 K.
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4142 56DAVIDE BERTOLINI AND ALESSANDRO TANI
finite k is of no help in computing generalized thermal co
ductivity. Rather, the latter can be obtained fromDT(k,v),
Eq. ~2.9! through G33(k,t) and its spectrum, Eqs.~2.3!–
~2.5!, shown in Fig. 5. The values ofl(k) we obtain this way
at k5kmin are somewhat larger than atk50, namely,
l(kmin)50.57 W/mK vs 0.52 W/mK at 255 K andl(kmin)
50.69 W/mK vs 0.67 W/mK at 300 K.

In the spectrum, Fig. 5, we observe an enhanced lib
tional band, which is now sharply peaked atv
5170– 175 THz, i.e., at the frequency of the CF of the a
gular velocity component around an axis normal to the
pole axis, in the molecular plane@9#. At low frequencies, on
the other hand, the contribution of the cage mode and, e
more so, that of the two exponentials is essentially the sa
as atk50. This supports the idea that transport parame
such as viscosity and thermal conductivity do not chan
significantly betweenk50 andk5kmin , unlike what is ob-
served for, e.g., velocity and absorption of sound@1#.

From the back transform of the spectrum shown in Fig
Nq(k,t) can be obtained and thusnq(k,t) and the character
istic frequencyf Tq(k), Eq. ~2.5!. Its values at 255 K are
f Tq(kmin)528 and 21 THz for the molecular and atom
function, respectively. The time integral ofnq(k,t) is similar
to that of F55(k,t) @Fig. 2~a!# with an analogous negativ
long-time tail. The time dependence ofnq(k,t) is qualita-
tively very similar to that obtained for the TIP4P model
245 K ~see Figs. 17 and 18 of Ref.@1#!, besides the libra-
tional oscillations, that were subtracted in@1# from F33(k,t)
@and henceG33(k,t)# at the outset for the TIP4P mode
Again, the main difference between the SPC/E and TIP
results fornq(k,t) is in the decay rate of the long-time tai
@see Eqs.~3.8! and ~3.9!#, which is slower for the SPC/E
water model,g1

(N)'2 – 3 THz at 255 K vsg1
(N)'4 – 9 THz at

245 K for TIP4P, see Table X in@1#.
Generalized thermal diffusivityDT(k) can also be ob-

tained more straightforwardly from the time dependence

FIG. 5. l(k,v) at k5kmin andT5255 K @Eqs.~2.4!, ~2.5!, and
~2.9!#. The same functions as in Fig. 3~b! are shown and the inse
details the low-frequency region.
-
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f

G33(k,t), Fig. 6, which in the hydrodynamic limit become
exponential,G33(k,t).exp@2DT(k)k2t#. As can be seen, this
limit is almost reached for the two smallestk’s where
‘‘atomic’’ and ‘‘molecular’’ functions almost coincide. The
two functions, on the other hand, differ remarkably atk2

520, where they decay faster, with an oscillation of the f
quency of the cage mode, much more visible in the atom
results.

The values ofDT(k), obtained extrapolating the integra
of G33(k,t) to t→`, are shown in Fig. 7. In addition to
atomic and molecular values, the curve~hyd! presents results
obtained from the following decomposition of the integral
G33(k,t) into a fast and a slow part, assumed to decay ex
nentially:

E
0

t

G33~k,t !dt5I HF~k,t!1I ~hyd!~k!~12e2DT
~hyd!

~k!k2t!.

~3.7!

Overall, DT(k) decreases as a function ofk, irrespective of
the method used to calculate it and at both temperatures

On the other hand, whileDT
(hyd)(k) is the same for atomic

and molecular data, the molecular results decay faster
the atomic ones at both temperatures, after being equalk
5kmin . It should also be noted thatDT(k) is smaller atk
50 than atk5kmin . This apparently anomalous feature a
the faster decay of the molecular values can be accounte
if the contribution toG33(k,t) of the various dynamic mode
is taken into account as follows.

G33(k,t) is fitted with a combination of four complex
exponentials. Two of them represent the librational and c
mode contributions, with amplitudeAlib(k) andAcage(k), re-
spectively. The remaining two exponentials@with amplitude
Ahyd(k) and Acoll(k)# describe the low frequency related
the hydrodynamic contributions toNq(k,t). As already men-
tioned ~see Figs. 2–5!, the low-frequency part ofNq(k,t) is

FIG. 6. Atomic ~full curves! and molecular~dotted curves!
G33(k,t) @Eq. ~2.3!# at a few values ofk. The curves are labeled
according to the value of (k/kmin)

2.
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composed of a ‘‘normal’’ mode, with positive amplitude an
an ‘‘anomalous’’ mode with negative amplitude. The amp
tudes of these four modes are shown in Fig. 8 as a func
of k. As can be seen, the main contribution to the integ
comes from the ‘‘hydrodynamic’’ and from the ‘‘collective’
modes, which both are functions of the ‘‘normal’’ an

FIG. 7. Generalized thermal diffusivity as a function ofk @Eq.
~2.4!#. Atomic ~squares! and molecular~circles! results are shown
The curves labeled~hyd! display DT(k) obtained from Eq.~3.7!.
The latter are the same for atomic and molecular (m) data, within
the error.
is

at
n
l

‘‘anomalous’’ modes ofNq(k,t).
Alternatively, an approximate description of the modes

G33(k,t) can be obtained from the spectrum ofNq(k,t),
through Eq.~2.5!. We restrict this description to the low
frequency region, both for its importance forl(k) and for
numerical convenience.

From this equation we obtain

FIG. 8. Contribution of the dynamic modes toG33(k,t). Mo-
lecular~open symbols! and atomic~filled symbols! results obtained
fitting G33(k,t) with four complex exponentials, see text.T
5255 K.
G̃33
~hyd!~k,z!'

1

z1 f Tq
~BF!2S ~11a1!

z1gc
~N! 2

a1

z1g1
~N!D 5

z21@2gc
~G!1g1

~G!#z1a1
~G!$vc

~G!2
1@gc

~G!2g1
~G!#2%12gc

~G!g1
~G!

z31@2gc
~G!1g1

~G!#z21@2gc
~G!g1

~G!1vc
~G!2

1gc
~G!2

#z1g1
~G!@vc

~G!2
1gc

~G!2
#
,

~3.8!
fit
e

where the superscripts (N) and (G) relate toNq(k,t) and
G33(k,t), the subscriptsc and l stand for collisional and
long-time mode, and thek dependence of the coefficients
omitted.

The rightmost term of Eq.~3.8! is the linear combination
of an exponential and a complex exponential of the typeL,
Eq. ~3.1!, with the constraint of vanishing time derivative
t50.

Equating terms of the same order inz, we obtain the
following system of equations:

g1
~G!3

2@gc
~N!1g1

~N!#g1
~G!2

1@ f Tq
~BF!2

1gc
~N!g1

~N!#g1
~G!

2 f Tq
~BF!2

@~11a1!g1
~N!2a1gc

~N!#50,
gc
~G!5

@gc
~N!1g1

~N!2g1
~G!#

2
,

vc
~G!2

5
f Tq

~BF!2

g1
~G! @~11a1!g1

~N!2a1gc
~N!#2gc

~G!2
,

a1
~G!5

gc
~N!g1

~N!22gc
~G!g1

~G!

vc
~G!2

1~gc
~G!2g1

~G!!2
. ~3.9!

Solving Eq.~3.9!, the low-frequency parameters ofG33(k,t)
can be obtained from that ofNq(k,t), g1

(N)'2 – 3 THz and
gc

(N)'20– 30 THz at 255 K, fork,0.8 Å21. The results
are in good agreement with that directly obtained from the
of G33(k,t), in thatG33(k,t) turns out to be composed, in th
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TABLE II. ~a! Calculated molecular (m) and atomic (at) initial values ofF11(k,t), F13(k,t), andF33(k,t). ~b! Calculated molecular
(m) and atomic (at) initial values ofF22(k,t), F25(k,t), F44(k,t), andF55(k,t).

~a!

k
(Å 21) V11(at.) V11(m)

V13(at)
~kJ/mol!

V13(m)
~kJ/mol!

V33(at)
(kJ/mol)2

V33(m)
(kJ/mol)2

T5300 K
0.00
0.2876 0.065 0.065 22.754 22.821 179.5 185.4
0.4068 0.068 0.069 22.984 23.036 192.6 198.8
0.7046 0.086 0.086 23.596 23.641 221.4 222.5
0.9965 0.119 0.122 24.899 24.946 286.2 271.8
1.2864 0.232 0.239 29.346 29.288 493.2 438.5
1.4383 0.309 0.322 212.69 212.71 650.3 577.2
2.0743 0.946 1.040 235.78 237.99 1594 1464
2.8766 1.120 1.435 239.37 255.05 1746 2186
4.3149 0.692 0.879 225.62 233.21 1429 1332
5.7532 0.774 1.008 227.87 238.04 1453 1510
8.6298 0.773 0.965 228.77 236.37 1443 1448

14.383 0.808 1.003 229.68 238.08 1467 1522
28.766 0.791 0.998 229.37 237.72 1502 1502
40.272 0.800 1.000 229.76 237.78 1510 1503

T5255 K
0.00
0.2895 0.050 0.050 22.095 22.157 136.2 142.7
0.4095 0.045 0.046 21.911 21.954 131.1 136.1
0.7092 0.064 0.064 22.702 22.746 173.8 175.4
1.0030 0.104 0.106 24.567 24.656 271.3 265.3
1.2949 0.209 0.215 28.946 29.168 472.0 453.3
1.4477 0.308 0.317 213.42 213.86 688.0 666.2
2.0880 0.946 1.030 238.96 242.25 1795 1789
2.8955 1.150 1.470 242.70 262.70 1896 2725
4.3432 0.660 0.841 226.09 235.06 1417 1523
5.7910 0.659 0.843 225.40 235.21 1340 1531
8.6865 0.753 0.924 229.51 238.52 1475 1663

14.477 0.834 1.030 232.71 243.20 1595 1874
28.955 0.788 0.995 230.59 241.63 1528 1800
40.537 0.791 0.996 231.12 241.79 1553 1812

~b!
k
(Å 21)

V22(at)
@(Å/ps)2#

V22(m)
@(Å/ps!2#

V55(at)
@105 (Å kJ/mol ps)2#

V55(m)
@105 (Å kJ/mol ps)2#

V44(at)
@104 (Å/ps)4#

V44(m)
@104 (Å/ps)4#

V25(at)
(Å 2 kJ/ps2 mol)

V25(m)
(Å 2 kJ/ps2 mol)

T5300 K
0.00 2.338 4.747
0.2876 13.63 13.60 2.900 4.936 3.504 3.530 2526.8 2496.1
0.4068 13.35 13.35 2.802 4.337 2536.3 2509.4
0.7046 14.01 14.19 2.808 3.122 3.158 3.026 2671.0 2438.8
0.9965 13.85 14.21 2.869 2.212 2.477 2.546 2782.8 2426.1
1.2864 13.19 13.74 2.934 1.598 1.806 1.823 2857.0 2440.2
1.4383 13.46 14.15 2.889 1.338 1.469 1.515 2894.3 2472.6
2.0743 12.69 13.95 2.692 0.714 0.629 0.572 2808.2 2508.6
2.8766 12.29 14.05 2.393 0.422 0.353 0.218 2523.0 2493.3
4.3149 11.34 13.34 1.456 0.298 0.257 0.165 2376.1 2475.5
5.7532 12.23 13.97 0.950 0.251 0.186 0.111 2358.9 2494.8
8.6298 13.01 14.52 0.655 0.226 0.135 0.088 2444.9 2522.9
14.383 12.22 13.54 0.480 0.192 0.101 0.065 2402.7 2479.6
28.766 12.44 13.87 0.33 0.186 0.085 0.059 2441.6 2491.9
40.272 12.41 13.96 0.26 0.183 0.085 0.058 2447.2 2494.8
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TABLE II. (Continued).

T5255 K
0.00 1.827 3.848
0.2895 12.20 12.22 2.310 4.332 3.230 3.256 2529.3 2497.4
0.4095 11.73 11.78 2.242 3.749 3.131 3.160 2523.6 2449.7
0.7092 11.65 11.81 2.268 2.597 2.712 2.741 2626.0 2412.4
1.0030 11.29 11.59 2.352 1.819 2.149 2.213 2713.3 2387.9
1.2949 11.23 11.71 2.385 1.311 1.608 1.632 2800.7 2425.3
1.4477 11.19 11.78 2.360 1.111 1.339 1.356 2821.3 2447.1
2.0880 10.74 11.77 2.274 0.621 0.525 0.481 2756.4 2481.2
2.8955 10.34 11.89 2.009 0.392 0.290 0.193 2494.6 2472.6
4.3432 9.98 11.94 1.177 0.293 0.220 0.147 2380.0 2474.7
5.7910 10.31 11.73 0.766 0.244 0.154 0.094 2335.1 2463.9
8.6865 11.13 12.10 0.518 0.222 0.105 0.066 2419.0 2481.5
14.477 10.73 11.70 0.390 0.201 0.074 0.049 2392.7 2463.7
28.955 10.54 12.04 0.24 0.20 0.061 0.043 2404.9 2480.4
40.537 10.56 11.89 0.19 0.19 0.061 0.042 2418.0 2477.8
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long-time regime, of two modes with positive amplitude,
opposed to that ofNq(k,t). The first is a slow exponentia
with a rateg1

(G)'0.7 to 0.8 THz at 255 K and a dampe
L-type mode withgc

(G).vc
(G) ~gc

(G)'10– 15 THz at 255 K!,
for k,0.8 Å21.

At the lowestk, the atomic and molecular results are t
same for the two modes, but the collision mode has a la
contribution toDT(k) than the hydrodynamic mode. The am
plitude of the collision mode, as that of the other nonhyd
dynamic modes, goes to zero whenk goes to zero, compen
sating the increase of the amplitude of the hydrodyna
mode, Fig. 8. This effect is more apparent at 255 K, wh
the difference of contribution toDT(k) of the two modes is
larger.

Also, the growing difference between atomic and mole
lar DT(k) ~Fig. 7! is due to the larger amplitude of the hy
drodynamic mode of the molecularG33(k,t) with a conse-
quent smaller contribution toDT(k) and l(k). Notice the
correlation between the amplitude of the hydrodynam
mode of Fig. 8 and the difference between atomic and m
lecular thermal diffusivity of Fig. 7.

D. Generalized thermodynamic properties

Tables II~a! and II~b! collect the initial valuesVi j (k) of
the computed CF’sFi j (k,t) at both temperatures. To analyz
these data it is convenient to define a functionG i j (k) as
follows:

G i j
~C,at!~k!5

Vi j
~at!~k!2Vi j

~S,at!~k!

Vi j
~S,m!~k→`!

, ~3.10!

G i j
~C,m!~k!5

Vi j
~m!~k!2Vi j

~S,m!~k!

Vi j
~S,m!~k→`!

. ~3.11!

These functions extract the collective, or cross (C), part of
the relevant CF and normalize it to thek→` limit of the
single-molecule, or self (S), contribution of the molecular
function. For instance, we obtain for the density-density
er

-

ic
e

-

c
-

G11
~C,at!~k!5V11

~at!~k!2V11
~S,at!~k!, ~3.12!

G11
~C,m!~k!5V11

~m!~k!21[S~m!~k!21. ~3.13!

The latter function is the cross part of the amplitude of t
intermediate scattering function correspondent to the ce
of mass of the water molecules,F11(k,t).

The k dependences ofG i j
(C)(k) for the three independen

CF’s F11(k,t), F13(k,t), andF33(k,t) are shown in Fig. 9.
As can be seen, the molecular results coincide at allk’s,
while the atomic values are somewhat dispersed, ma
around the maximum of the curve.

FIG. 9. Normalized collective part ofV11(k) ~circles!, V13(k)
~squares!, and V33(k) ~triangles!, Eqs. ~3.10!, ~3.11!. Molecular
~open symbols! and atomic~filled symbols! results. The full heavy
curves show the O-O partial structure functions.
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FIG. 10. Generalized thermodynamic functions. Molecular and atomic results at 300 K~filled symbols! and 255 K~open symbols!.
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This shows that the behavior of the three molecular C
is determined by the~Fourier transform of! the radial distri-
bution function of the center of mass,g(r ), i.e.,

G i j
~C,m!~k!54prE

0

`

r 2@g~r !21#
sin~kr !

kr
dr. ~3.14!

The analogous relation for the atomic part can be obtai
generalizing Eq.~3.14! to water@25#:

G i j
~C,at!~k!5

4mH
2

M2 SHH~k!1
4mHmO

M2 SOH~k!1
mO

2

M2 SOO~k!,

~3.15!

where

Si j ~k!54prE
0

`

r 2@gi j ~r !21#
sin~kr !

kr
dr. ~3.16!
s

d

Hence we can attribute the smaller peak of the atom
functions to the contribution of the O-H pair, which is min
mum atk52.9 Å21, where the O-O correlation has its max
mum.

From the data given in Table II the generalized therm
dynamic properties heat capacity,cP(k) andcV(k), thermal
expansivitya(k), and enthalpy per molecule,h(k), can be
calculated by means of Eqs.~2.11!–~2.14!. The results are
shown in Fig. 10.

As for cV(k), the most apparent feature visible in Fi
10~a! is the large increase of the atomic data, roughly five
six times larger than the corresponding molecular value
the largestk’s. The moderate (;20%) increase of the latte
is to be attributed to the cross term while the self part,
sentially k independent, is cV

(S,m)(k→`)'100 and
'110 J/mol K at 300 and 255 K, respectively. The valu
obtained atk50 from Eq.~2.9! arecV(k50)'82 J/mol K at
300 K andcV(k50)'90.5 J/mol K at 255 K, in good agree
ment with the results atk5kmin .
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On the contrary, the difference between atomic and m
lecular cV(k) is due to the self part of theVi j (k) used to
calculate specific heat through Eq.~2.12!. Actually, exploit-
ing the analogy of behavior apparent in Fig. 9 we obtain

kBT2@cV
~at!~k!2cV

~m!~k!#

>V33
~S,at!~k!2V33

~S,m!1@V13
~S,m!~`!#2

3@12V11
~S,at!~k!22d13~k!#, ~3.17!

where

d13~k!5
V13

~S,at!~k!

V13
~S,m!~`!

2V11
~S,at!~k!. ~3.18!

To obtain Eq.~3.17!, we also assumed the cross terms equ
for atomic and molecular functions~see Fig. 9! and
d13(k)!1. In fact, from Eqs.~2.15! and ~2.16! we have
d13(k→`)'0.01 at 300 K andd13(k→`)'0.05 at 255 K.
Notice that the right-hand side of Eq.~3.17! is only com-
posed of self~rotational! terms containing spherical Besse
functions, Eqs.~2.15!–~2.21!.

The difference between atomic and molecularcV(k) is
shown in Fig. 11 as a function ofk and compared to that
obtained from Eq.~3.17!. The good agreement between th
two curves proves that this large difference is almost tota
due to single-molecule effects. From an analysis of the co
tribution of the various modes, as was done for the curves
Fig. 8, we find that most of the observed difference is due
the cage mode, i.e., the dynamics whose frequency com
nents are centered at;45 THz, whose amplitude is twice as
large for the atomic function as that of the molecular one.

FIG. 11. Difference between atomic and molecular results
constant volume specific heat. MD~open symbols! and computed
@Eq. ~3.17!# results.
-
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of
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A striking difference between molecular and atomic r
sults is exhibited by the k dependence of h(k)
5V25(k)/V22(k), the generalized enthalpy per molecu
Fig. 10~b!. The first has a maximum at;1 Å21, about 25–
30 % larger than atk50, while the latter shows a deep min
mum at;1.6 Å21, where the amplitude almost doubles.
this case, the single-molecule molecular term does not
pend on k, and the k dependence of the correspondin
atomic data cannot account for the behavior observed in
10~b!. This is mainly determined by the numerator,V25(k).
In fact, V22

(m) does not depend onk, while thek dependence
of V22

(at.)(k), shown in Fig. 12, is clearly very different from
that ofh(k). Hence we conclude that the behavior ofh(k) is
due to collective effects.

The contribution of the various modes can be estima
from the spectra ofF25(k,t), shown in Fig. 13~a! at a fewk
values. These spectra have been normalized toV25

(S,m)(`) to
allow a more homogeneous comparison. A hydrodynam
mode, whose peak shifts in frequency withk, a bending
mode~8–10 THz!, and a cage mode can be detected in th
spectra. The latter mode has the largest difference of am
tude between atomic and molecular results.

The comparison of Fig. 13~b! between the spectra o
F25(k,t) and F22(k,t), normalized as above, further show
that, atk51 Å21, where the maximum ofh(m)(k) is, the
amplitude of the cage mode ofF25(k,t) is larger than that of
F22(k,t) for the atomic function, but smaller for the molecu
lar one.

Strong evidence supporting the above hypothesis o
dominant role played by collective interactions in determ
ing the behavior ofh(k) is provided by the results shown i
Fig. 14~a!. In the atomic case, the functionV25(k) has been
decomposed into a kinetic and a potential part, according
Eq. ~2.22! @F25(k,t)5F34(k,t)#. At low k, the potential
term is much larger than the kinetic, while the opposite
true at intermediate to largek, where the potential term de
cays to zero. The combination of the two terms leads t

f

FIG. 12. Comparison of MD~symbols! and theoretical@full
curves, Eq.~2.19!# results of the initial value of the longitudina
current.
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shift of the peak maximum to lowerk’s (;1.6 Å21) com-
pared to that of the separate components, which both pea
;2 Å21. There is an apparent correlation between the p
tion of the maximum ofV25

(pot)(k) and V25
(kin)(k) and that of

the first maxima of the partial structure functions@Eq.
~3.16!#. Presumably, a similar shift also occurs in the m
lecular case, likely to a larger extent.

If we introduce a ‘‘translational’’ generalized enthalpy

h`
trl5

V25
~S,m!~`!

V22
~S,m!~`!

5
V25

~S,at!~`!

V22
~S,at!~`!

, ~3.19!

FIG. 13. ~a! Spectra of atomic~full curve! and molecular~dotted
curve! F25(k,t), normalized to the high-k limit of molecular V25.
The number on the curves indicates (k/kmin)

2 and the arrows a
typical peak position of the O-O-O bending mode and cage mo
T5255 K. ~b! Comparison of the spectra ofF25(k,t) andF22(k,t),
normalized as above, atk51 Å21, thek value of the maximum of
the molecularh(k), see Fig. 10~b!.
at
i-

-

whose value is the same for atomic and molecular form
ism, we can conclude that, at intermediatek’s, intermolecu-
lar rotational effects produce a larger or smaller amplitude
the cage mode, that leads to a minimum ofh(at)(k), or a
maximum ofh(m)(k), located on opposite sides with respe
to the translational valueh`

trl of Eq. ~3.19!.
On the other hand, either in thek→0 limit, where the

hydrodynamic mode dominates, or in thek→` limit ~free-
particle behavior! both definitions lead to the same valu
h`

trl .
In view of Eqs.~2.10! and ~2.12! also the constant pres

sure heat capacitycp(k) and hence the ratiog(k), as well as
the thermal expansion coefficienta(k) will have ak depen-
dence that is determined by that ofh(k) andcv(k). Actually,
we can write fora(k)

kBT2a~m,at!~k!>kBT2a trl
~m,at!~k!1kBT2a rot

~m,at!~k!,
~3.20!

e,

FIG. 14. ~a! k dependence of the kinetic~kin! and potential~pot!
contributions toV25(k) calculated in the atomic formalism at 25
K. The scale on the right relates to the partial structure functions
the O-H and H-H pairs.~b! k dependence of the translational part
a(k) andg(k)21 ~see text! at 300 K ~filled symbols! and 255 K
~open symbols!. The lines are an aid to the eye. For the sake
comparison, also the O-O structure functions at the correspon
temperatures are shown.
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FIG. 15. Very-high-k behavior of someFi j (k,t). Comparison of MD results~symbols! with those obtained from Eq.~2.22! and
conservation laws atk5100kmin . Molecular results: open symbols; atomic results: filled symbols.
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where

kBT2a trl
~m!~k!5@11V11

~C!~k!#S h`
trl2

V13
~m!~`!

V11
~m!~`!

D ,

~3.21!

kBT2a rot
~m!~k!5@11V11

~C!~k!#@h~m!~k!2h`
trl#, ~3.22!

and

a tr
~at!~k!5a trl

~m!~k!,

kBT2a rot
~at!~k!5~V11

~S,at!21!S h`
trl2

V13
~m!~`!

V11
~m!~`!

D 1@11V11
~C!~k!#

3@h~m!~k!2h`
trl#. ~3.23!
The convenience of Eq.~3.23! is that it extracts the depen
dence ofa(k) on rotational motions.

Equation~2.12! that givesg(k)21, the ratio of specific
heats, depends at the numerator on@a(k)#2 and, at the de-
nominator, oncv(k), so that the sharp peak of the atom
results, Fig. 10~d!, is to be related to that ofa(k). On the
other hand, the two peaks of the molecular results are du
the combined effect ofa(k) andcv(k), as can be seen from
Figs. 10~a! and 10~c!.

The difference observed in thek dependence of the mo
lecular and atomic values ofcv(k), h(k), a(k), and g(k)
has been traced back to rotational terms typically in the
quency range around 45 THz. This point of view is su
ported by the results obtained for the translational part of
above functions, computed from Eq.~3.19!, settingh5h`

trl

and assuming the molecular data for the translationalcv(k),
see Fig. 14~b! for a(k) andg(k). As can be seen, the shap
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of both these functions closely resembles that ofS(k) at the
relevant temperatures.

a~0!, obtained extrapolating tok50 the data of Table II,
is in agreement with that given by Eq.~3.21!, Fig. 14~b!, and
positive at both temperatures, namely,1@261#31024/K at
255 K and1@5.561.5#31024/K at 300 K, to be compared
with the corresponding experimental values25.831024/K
@13# and12.831024/K @14#. The disagreement at 255 K i
an evidence that the density maximum of the SPC/E w
model is shifted to lower temperatures than that of real w
ter, as also observed for the TIP4P model@26#.

Note that at allk’s consideredg (m)(k),1.2. This con-
firms the lack of significant coupling between fluctuations
density and energy in water. A further proof of this is pr
vided by the small values ofG13(k,t) at all k’s, that indicate
negligible coupling between stress tensor and heat flux fl
tuations@1,5#.

E. Free-streaming limits

At large k, say k.10 Å21, the time dependence of th
computed CF’s changes from a linear combination of co
plex exponentials into a Gaussian one. In this limit, the sp
tral bands relevant to the various modes broaden and m
with each other, so that the spectrum becomes similar to
of a free motion.

The difference between an atomic and a molecular liqu
of course, is that the rotational motion of the molecular l
uid requires a second Gaussian to describe the CF. Actu
the coefficientsARH and ARO in the argument of the two
Gaussians@atomic definition, Eqs.~2.23!–~2.26!# both con-
tain a translational term for the center of mass and molec
rotational terms. The molecular definitions, conversely,
quite analogous to that for a hard-sphere fluid@10#, except
that the interaction potential makesV13(k)Þ0 here.

The agreement between Eqs.~2.23!–~2.26! and the MD
results is very good and the MD coefficients agree with t
obtained from the fit of the atomic CF’s, despite the sm
contribution of the hydrogen compared to that of the oxyg
As an example, we show in Fig. 15 the MD results
F11(k,t), F22(k,t), and F44(k,t) together with that com-
puted according to Eqs.~2.23! and conservation laws, fork
5100kmin .

The Gaussian relevant to the hydrogen dynamics can
be seen inF44

(at)(k,t), being much too small in the other tw
CF’s. This Gaussian is about three times narrower than
of the oxygen, which is very similar to that of the center
mass. However,F44

(at)(k,t) is proportional to the fourth time
derivative ofF11

(at)(k,t), because of conservation law, so th
the hydrogen term is multiplied byARH

2 , which is of order
100, and becomes comparable (;65%) to the amplitude
corresponding to the oxygen motion. As a consequenc
produces the inflection at;0.004 ps, visible inF44

(at)(k,t),
Figs. 15~c! and 15~d!.

IV. SUMMARY AND CONCLUSIONS

This study has mainly been devoted to the analysis
thermal conductivityl of water at normal temperature and
the supercooled region, 255 K. The values obtained with
SPC/E model are in good agreement with the experime
er
-
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data and do not depend on the formalism adopted, within
statistical uncertainty.

The most prominent feature of the energy flux CF is
large oscillation with characteristic frequencies typical of
brational dynamics. The large value ofl~v! in this frequency
region may be essential in the very early stage of fundam
tal solvation processes. For instance, the asymmetric str
of the OH bond and a libration have been shown@27# to be
strongly involved in the absorption of the energy released
an excited electron that decays to its ground state.

The large high-frequency oscillation of the energy flux C
is a distinctive feature of water, compared, e.g., with th
observed forn-butane@20# or, even more, the Lennard-Jone
fluid. The former only shows a small oscillation centered
;30 THz, while the LJ fluid has a monotonically decreasi
energy flux CF@28#.

The possibility of computingl according to a molecula
and an atomic definition has been exploited to show wh
dynamical modes of water most contribute to this transp
parameter, atk50. It turned out that two low-frequency
exponential-like modes determine the value ofl. The first is
faster, with a decay rate of the order of collision time~;0.03
ps! and gives a positive contribution tol. The slower expo-
nential, conversely, decreasesl to an extent that depend
strongly on temperature~;40% at 255 K and almost negli
gibly at 300 K!. The temperature dependence of this mo
accounts for the anomalous behavior of thermal conducti
of water, that decreases as a function of temperature, in
temperature range explored. Contributions tol from higher-
frequency dynamics, i.e., cage mode and librations, h
been ruled out contrasting their rather different behavior
the molecular and atomic results. This procedure of anal
of the modes contributing tol becomes more difficult to
implement as temperature increases because of the broa
ing and merging of the corresponding bands.

We recall that the SPC/E model employed is a rigid o
and does not account for internal vibrations of water. Ho
ever, from the point of view of this transport parameter,
seems likely that internal vibrations can be safely neglec
as we found for librations.

The extension of this analysis to finitek’s has shown a
decrease ofl as a function ofk, with a smooth transition
between thek50 and the finitek values, analogous to tha
observed for generalized viscosities@2#.

Generalized thermodynamic properties have been ca
lated as the second principal contribution of this work. W
found that the initial values of the density-energy a
energy-energy correlation functions,F13(k,t) and F33(k,t),
when properly normalized, contain a collective part which
given by the structure factor of the liquid. The differen
observed in thek dependence of the molecular and atom
values ofcv(k), h(k), a(k), andg(k) has been traced bac
to rotational terms typically in the frequency range around
THz, cage mode. On the other hand, the limit behavior
these functions fork50 is independent of the molecular o
atomic definition, while in the region up to;5 Å21 the po-
tential and kinetic contribution to, e.g.,h(k) reflects the peak
position of the partial structure functions, mainly for the O
and HH pairs.

The set of results presented extends the knowledge of
behavior of the SPC/E model of water to a number of c
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lective dynamical properties and to the supercooled reg
allowing also a comparison with the corresponding results
the TIP4P potential. Overall, it appears that the SPC/E w
model gives results in better agreement with experime
data than TIP4P. The extent of improvement varies from
property to another, being larger for, e.g., diffusion and
electric properties and smaller for thermal conductivity.
feature shared by both models is the insufficient slow
down of the dynamics at low temperature, again more ap
ent for TIP4P than for SPC/E. This is manifested by t
values of diffusion and viscosity in the supercooled regi
Presumably, this is a consequence of an incorrect accou
the temperature dependence of nonadditive interacti
Im
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which the enhanced dipole moments of the models only
scribe in an average way, with parameters optimized
properties at normal temperature.

Finally, we mention a very accurate MD study of therm
conductivity of Lennard-Jones fluid by Vogelsang, Hoheis
and Ciccotti@29#, where the effect of truncation of potentia
and averaging procedure on the results is examined. The
sults show a small number dependence, that, if extende
our data, would further improve the agreement with the
perimental values. In addition, this study@29# proves that
nonequilibrium@30# and equilibrium MD lead to values o
thermal conductivity in quantitative agreement.
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